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Hydrogen production by autothermal methane steam reforming in a catalytic fixed
bed membrane reactor has been analyzed and simulated. The two-compartment reactor
indirectly couples the endothermic steam reforming with methane oxidation, while
hydrogen is separated by a permselective Pd membrane. Simulations of the reactor,
using published kinetics, map the acceptable domain of operation and the optimal set
of operating parameters. The simulations exhibit slow-moving thermal fronts and the
steady-state operation domains bounded by stationary fronts, separating domains of
upstream and downstream-moving fronts. Front velocity depends on thermal coupling
and hydrogen separation. An analytical approximation for the thermal front velocity in
a thermally balanced reactor has been developed. © 2008 American Institute of Chemical
Engineers AIChE J, 54: 2735-2750, 2008
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Introduction

Hydrogen is a very promising environmentally friendly
fuel that can be used for efficient and clean electricity pro-
duction using fuel cells but its purification and transportation
are quite challenging. These drawbacks may be overcome
when hydrogen is generated on-site using a catalytic mem-
brane reactor, where hydrogen is produced over the catalyst
bed (commonly by reforming or dehydrogenation of hydro-
carbons) and simultaneously separated by a permselective
membrane (e.g., Pd).

The use of a membrane shifts the reaction equilibrium to-
ward hydrogen production, yielding high conversions at rela-
tively lower temperatures, as well as it provides pure hydro-
gen. Since reforming is highly endothermic, the membrane
reactor should be operated autothermally, with the heat
required supplied by an exothermic oxidation by direct or
indirect heat exchange. Such small-to-medium scale mobile
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devises for hydrogen production are likely to be more effi-
cient than energy-demanding water electrolyzers and they
may be a good solution for fuel cell cars, stationary fuel cell
power stations, etc.

Hydrogen production in membrane reactors via methane
steam reforming (MSR),'® methanol steam reforming
(MetSR),”'* methane dry reforming (MDR),">™'7 and hydro-
carbons dehydrogenation (HDH)'®*' has been extensively
investigated in the last two decades. Steam reforming of
methane is of remarkable interest, since there are large
resources of natural gas in the world; steam can also be eas-
ily supplied. Even though carbon dioxide is still produced in
the steam reforming process, its production per unit energy
produced can be significantly reduced since the efficiency of
fuel cells is considerably higher than that of combustion
engines. Moreover, the concentration of carbon dioxide in
the reactor effluent can be reduced, for example, by sorption
in an additional fluidized bed unit.?> When conversion is
complete, the stream exiting the reformer contains only water
and CO,, which can be compressed and stored after conden-
sation.

Metallic membranes (Pd or Pd alloys) are typically used
for hydrogen separation,''"'®™' either as an unsupported
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foil or as a thin film supported on a porous (ceramic or stain-
less steel) tube to improve the membrane strength. Pd mem-
branes provide almost complete selectivity to hydrogen, but
their cost is high. The potentially inexpensive molecular
sieve zeolitic,”%?! silica,'>?*27 and carbon'**® membranes
were considered as alternative candidates to the expensive
Pd membranes. However, they offer low selectivity to
hydrogen and there are still drawbacks in their preparation
technology.

The most commonly used design of membrane reactors for
hydrogen production is packed bed membrane reactor
(PBMR)175,9711,13717,18721,23,29,27,28,30; few studies employed
a fluidized bed membrane reactor (FBMR).>® The operation
of a lab-scale PBMR for MetSR,”'*'* MDR,"”"" and
HDH, 8202126 4nd the use of FBMR for MSR® were experi-
mentally investigated in numerous works. To establish a
trans-membrane hydrogen partial pressure gradient, a lower
pressure (or vacuum) is kept in the permeate side; frequently,
hydrogen is also swept by N, or steam. The required heat in
experimental studies is provided by an electrical furnace.
Most theoretical works employ a homogeneous, steady-state,
one-dimensional, plug flow, isobaric model, while isothermal
conditions are commonly assumed.'>=>10:11.18

To provide the enthalpy required for the endothermic pro-
cess, the reactor should be coupled to a heat source or to an
exothermic reaction. Coupling of exothermic and endother-
mic reactions can be achieved by regenerative coupling
(alternating feeds in a reverse-flow reactor), direct coupling
(DC), where both reactions take place over the same catalyst
bed, or by indirect coupling (IC) using counter-current or co-
current heat exchange reactor. One of the major drawbacks
in the DC and reverse flow reactors is catalyst selection,
since the catalyst should favor both exothermic and endother-
mic reactions and withstand the hotspots emerging due to the
exothermic reaction. Also, hydrogen is very reactive and will
be produced in a DC unit only after oxygen has been con-
sumed, whereas nitrogen (when the reactor is fed by air) will
dilute the stream, suppressing the separation due to dimin-
ished pressure gradient. These constraints can be overcome
in the IC reactors, where the endothermic and exothermic
reactions are separated in space, also enabling operational
flexibilities, since the operating parameters of exothermic
and endothermic compartments can be independently
adjusted. Co-current operation has been claimed to be prefer-
able, as it allows for lowering the temperature peak, which is
one of the drawbacks in the counter-current IC reactors’';
yet, considerations of heat dispersion and reactor dynamics
may change this result.

Coupling MetSR and HDH with oxidation in a lab-scale
PBMR?*7’ has been experimentally investigated in several
works. Experimental investigation of MetSR*® and MSR*
coupled with oxidation in a lab-scale packed bed reactor
(PBR) without hydrogen separation membrane has also been
reported. The endothermic and exothermic reactions were
performed in the same reactor compartment, i.e., oxygen was
co-fed to the reactor.> 7% In a recent work,*® axial distri-
bution of air through porous ceramic membranes along the
reactor was employed to limit the temperature peak within
the catalyst bed. In other experimental works, the endother-
mic and exothermic reactions were coupled indirectly: oxy-
gen was added to the permeate side to combust some fraction

2736 DOI 10.1002/aic

Published on behalf of the AIChE

of hydrogen se:parate:d32’33 or the reactor effluent was oxi-

dized in an additional external packed bed tube.** Experi-
mental investigations of monolith and microchannels reactors
for coupling of MSR with methane oxidation (MOx) in adja-
cent channels (with heat transfer between them) have also
been reported.“o’41

The majority of the reported simulation works investigate
DC of MSR with MOx in PBMR*"** and FBMR*™* with
Pd-based membranes or in PBR.***** Simulations of MSR
with  MOx coupled indirectly using a packed bed heat
exchange reformer (without membrane),49 a monolith reac-
tor,40’50 and a microchannel reactor*' have also been
reported. Steady-state conditions and negligible thermal dis-
persion (for packed beds) are typically assumed in the simu-
lations; only few works investigate dynamic behavior®!#8-59
and account for thermal dispersion.31’48

Accounting for thermal dispersion is essential in such
models as thermal (creeping) fronts may develop and move
through the systems; such a term is missing in most studies.
Moreover, obtaining the steady-state solution is insufficient
and inefficient for analysis, even when heat dispersion is
accounted for, since it may yield unstable solutions and
since dynamics is an essential part of understanding reactor
behavior; also, obtaining the steady solution of the bound-
ary-value problem is not numerically faster than the transient
analysis.

Thermal fronts, moving due to heat convection and heat
dispersion, are expected to occur in fixed bed catalyzing oxi-
dation reactions (e.g., MOx). This phenomenon is particularly
important for IC co-current reactors, since their limiting
throughput is determined by the conditions that induce down-
stream propagating fronts, which will eventually result in
extinction. Simulations of such reactors combined with
hydrogen membrane separation, i.e., IC of MSR with MOx
in PBMR for hydrogen production, are lacking. In fact, as
we show later, the limiting throughput of the IC PBMR reac-
tor is determined by the front propagation features and its
steady-state location.

This article is aimed at designing a thermally balanced
PBMR that continuously produces ultrapure hydrogen, while
the reformer (MSR) and oxidizer (MOx) are indirectly coupled
and the oxidizer provides the enthalpy for both the endother-
mic reaction and for heating up the feed. We focus on examin-
ing slow-moving thermal fronts propagating in the reactor and
show that the process operating domain is defined by their dy-
namics. The key parameters and operating domain boundaries
were found using thermodynamic considerations, detailed
parametric numerical study, and analytical solution.

Reactor Model and the Asymptotes
Kinetics

The following reactions describe the stoichiometry and the
thermochemistry of MSR:

CHy + H,O = CO +3H, AH; = 206kJ/mol (1a)

CO +H,O=CO, +H, AHj=—-41 kJ/Il’lOl (1b)

CH, +2H,0 =CO, +4H, AHy = 165kJ/mol  (lc)
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In the simulations, we use the commonly employed rate
expressions developed by Xu and Froment® for MSR over a
Ni/Al,O5 catalyst:
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R = — e _— 23.
1 P <pCH4pH20 Keq, | den? (2a)
Ky pvaC02> 1
Ry — L _PLPCO 7h
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Complete oxidation of methane (MOXx) is given by the fol-
lowing reaction:

CH, + 20, = CO, + 2H,0  AHpx = —803kJ/mol  (3)

Of the several kinetic models proposed to describe the
intrinsic kinetics of MOx on various catalysts (Pt, Pd, Ni,
etc.), we use the Langmuir-Hinshelwood rate equation’*
for MOx over a Ni/Al,O;5 catalyst:

kipDcH,Po,
(1 + K&y, pen, + Kgipo,)
4)

kiaPcH,Po, %

R =
N (U K&y, pon, + K3pos

k= A exp| 2 i = la, 1b;
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g

AH; .
K> :B,~exp< ReT ), i =CHy, O,

Reactor model

A schematic representation of the simulated reactor is
shown in Figure 1. The reactor is assumed to be composed
of two concentric cylinders: a fixed bed for steam reforming
reaction, which contains one or several Pd membranes, is
surrounded by an outer tube packed with a catalyst for oxida-
tion reaction. The transient one-dimensional enthalpy and
mass balances presented later represent a standard pseudo-ho-
mogeneous model of a fixed bed reactor containing different
compartments with heat and mass exchange between them.
Axial thermal and mass dispersion are accounted, and the
following assumptions are made:

(i) Overall adiabatic operation,

(ii)) The membrane is permeable only to hydrogen (by
Seivert’s law),

(iii) Negligible radial mass and heat dispersion,

(iv) Negligible axial pressure drop,

(v) Ideal gas, and
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Figure 1. (@) Schematic of the simulated reactor with
entering and exiting gas flows; (b) corre-
sponding cross-sectional view of (a).

(vi) Constant thermophysical properties (pressure and tem-
perature dependences are accounted for)
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Note that changes in molar density have been neglected.
Even though Eq. lc predicts an increase in the number of
moles as a result of the SR reaction, total molar density
changes can be neglected, since a significant part of H, is
separated by the membrane. The following characteristic for
Pd membranes values (adopted from the literature) were used
for hydrogen permeation parameters:

1
—67— 1 g —

kJ
2 T m2gMPa%s’ 15 el

An mol

Radial mass gradients of hydrogen were neglected, even
though hydrogen is extracted through the membrane, since
its mixing rate (ratio of dispersion to tube radius,
D,/r =~ 10~2m/s>*) is an order of magnitude higher than the
hydrogen permeation scale calculated from Seivert’s law at
the front conditions (Au,A(p}’) exp(—Ea/R,T) ~ 10~°m/s),
this rate will be smaller downstream, as the hydrogen gradi-
ent declines. Radial heat gradients are usually ignored in adi-
abatic reactors; in our study, the whole system is adiabatic
and we expect radial gradients to be negligible.

An infinite heat transfer coefficient between the membrane
inner and the SR compartment is assumed (T™ = T5R) and
the axial dispersion term in the membrane interior is
neglected, i.e., (pgDae)M =0; also, y¥ =0. The following
boundary (Danckwert’s) and initial conditions are used:

: . OT*
z=0 (Spg"gcpg)k(T; -7 = kéeg;
L (7a)
ay;
(Spgvg)k(yg“ - y{() = _(pgDae)kai
z
oT* 8yff
S = (7b)
t=0: Tk(O,z) lem; y{-‘(O, z) — yﬁim 8)

Since setting the feed hydrogen molar fraction (yp,r) to
zero will lead to unbounded initial rate in Egs. 2a—c, we set
this value at yp,r = 1075, It was verified that the numerical
solution is not sensitive to this value of yy,¢. The reactor ini-
tial temperature of Ti, = 650K that allows for ignition for
the given Ox kinetics was used in the simulations.

Transport coefficients

The overall radial wall heat transfer coefficient between
the SR and oxidation (Ox) compartments is determined by
resistances in series, i.e., accounting for resistances through
the beds and the wall:

1
v /(ky) +1/(h3)

The effective radial wall heat transfer coefficient (4,,.) for
each reactor compartment is estimated from

Uy =

08E) + ©

hyed, e
P12
ke ke

Nitye =

+ By <8 i +2. 12) (10)
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The term f; corresponds to the effects of RePr, parameters
for the individual phases, and the interphase heat transfer; its
expression can be found in the original papers.”>>° The cor-
related U,, values used in the simulations were in the range
of 2 0.6 — 0.8kJ/(m? s K). These values are corresponding to
the particle Nusselt number of ~15—25 for the particle
Reynolds number range of ~1—60 used in the simulations,
which is in line with the reported literature.’*>°

The effective axial thermal dispersion coefficient is corre-
lated from

s/ K

+ 2
RePr {1 + 4 (BSlBh)}
The correlation accounts for contributions of conduction in

the gas phase (Pe,s is a function of Re, Pr and ¢) and the

solid. The definitions of parameters can be found in the origi-
nal papers.”””® The characteristic k,. values used in the
simulations were in the range of ~ 1 X 107% — 1.2 X 107°kJ/

(m?sK), corresponding to the particle Peclet number of

~0.1 — 1 for the particle Reynolds number range of ~1 —

60 used in the simulations. This is in line with the reported

literature.>*>¢
The effective axial mass dispersion coefficient is obtained

from the following correlations™:

1 kae 1
Pe,e pgngpgdp Peys

an

m
D, =e—, for
T

D
Re < 1; Dy = g(—"‘ + 0.5dpvg>,
T

forRe >5 (12)

The correlated values of D,. were in the range of ~2 X
107%=6 X 10~* m?s, corresponding to the particle mass
Peclet number of ~0.1—5 for the particle Reynolds number
range of ~1—60.

Operating parameters

To reduce the number of parameters, let us find the adia-
batic temperature change in a whole reactor coupling (indi-
rectly) SR and Ox under the following assumptions: (i) infi-
nite heat transfer between the SR and Ox reactor compart-
ments; (ii) complete methane conversions; (iii) no CO
formation, i.e., the SR process is represented by Eq. 2c; (iv)
ideal gases. Assumption (iii) will hold for a high pressure in
a long reactor, conditions that induce almost complete sepa-
ration of hydrogen, consequently equilibrium shifts to final
product (CO,). Then, the adiabatic temperature rise is given
by the following equation:

AT,q = 2 (= AHk)yl.;fFff _ > (= AHA)ymrSVAAk

> CEFh >, ChSVRAK
k=SR,0x  (13)
svi_ L st(STP)  vi(STP)
T (e.v)k L
Too(eV)

SV* is gas hour space velocity, Fk is total inlet molar
flow, and A’és is the cross-sectional area of the reactor
compartment k.
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The oxidation-to-steam reforming feed ratio is defined as
follows:

R SVOuY VoD

R = = =
R T SVRAR T VAT

(14)

Combining Egs. 13 and 14, we express R" as a function of
methane feed concentrations and expected adiabatic tempera-
ture change:

_ ATadccgg - [(_AH)ymf]SR
[(_AH)ymf}OX_ATachgg

*

5)

To obtain high steam reforming conversions, a sufficiently
high temperature should be achieved. Preliminary simulations
have shown that low methane conversions are obtained for
~850 K, whereas when a reactor temperature of ~900 K is
achieved, conversions of f O ~ 1 and f SR %~ 0.95 can be
obtained. Elevating temperature above ~900 K is unfavora-
ble, since it may damage the membrane and cause the cata-
lyst sintering. Based on these considerations, we design for
the reactor temperature of 900 K as an optimal one. Taking
yﬁ}} = 0.333 (SR stoichiometry), yg’f‘ = 0.040 (explosion
limit), y8;‘f: 2y3’} (Ox stoichiometry), and feed temperature
equal to that required to evaporate water for a given SR
operating pressure (PSR = 0.5—1 MPa, Ty ~ 425—450 K),
we obtain R* ~ 4.1—3.9, for which we design for.

To describe the reactor geometry for given feed space
velocities, the A?S" /Agf ratio is given by Eq. 14, and assum-
ing the length-to-diameter ratio of L/d; = 4, which is conven-
ient for tubular packed bed, we find

#Q1/SR 1 2 2
R*SV>RrL SR —E—Ag" (16)

APX = : =
¢ 64(SVOX + RESVSR)T T T 64

Void fraction of ¢ = 0.5 and catalyst particle diameter of d,
= d/30 are assumed, and a geometric condition of d{‘ <
10d,, (at least 10 catalytic particle in a radial direction) is
imposed. To characterize the separation ability, the mem-
brane area-to-SR compartment volume ratio is defined as
follows:

M = S
Yo ASRL

A7)

Consequently, the problem is defined by five operating pa-
rameters: SVSR, SVOX, PtSR, ay', and L; the corresponding

cross-sections are obtained from Eq. 16.

Results and Discussion
Typical results

The simulations performed have shown that once an igni-
tion occurred, a slow-moving thermal front appears in the
reactor. Drawing the acceptable domain of operation requires
the characterization of this front. Thermal fronts are known
to occur in fixed bed catalyzing exothermic reactions and the
fronts move due to heat generation, convection, and heat dis-
persion. In the simulated coupled reactor system, the front
motion is somewhat different due to the coupling of the exo-

AIChE Journal October 2008 Vol. 54, No. 10

Published on behalf of the AIChE

L=0.2[m], a"=26[m""], P;"=10[atm], SV*"=600[h""], SV**=3780[n""]

1000
t step=1[h] a)
900}
& 800t
= initial temperature
= 700} P4
600}
500}
d I i i i
2 02 04 06 08 1
zL
L=0.2[m]. a"=26[m""]. P "=10[atm], SV*"=600[h™"), SV**=3000[h""]
1000 - - . .
t step=0.5[h] b)
Q00
g 800
&
i, 700
600
initial temperature
500
400, 02 04 086 038 1
ZL

a) SVor=3780 hr', t,_~25 h; b) SVO*=3000 h",
le—12 h. Other parameters: SVSR=600 h,
PSR=1.01 MPa, a*=26 m', [=0.2 m.

Figure 2. Typical downstream (a) and upstream (b)
moving fronts.

thermic reaction with the endothermic one and with hydro-
gen separation.

Two typical examples of front propagation are presented
in Figure 2, showing the spatial temperature profile of the
steam reforming compartment for various times: the thermal
front may propagate downstream (Figure la) or upstream
(Figure 1b); increasing the space velocity in either the oxida-
tion compartment (SV9¥), or in the steam reforming compart-
ment (SVS®) will push the front downstream. Eventually, an
extinguished or ignited steady state is achieved after the front
has propagated downstream and exited or propagated
upstream and stopped. The front propagation velocity is very
small due to the high heat capacity of the solid phase (cata-
lyst particles). The transient temperatures of the Ox and SR
compartments were quite close to each other for all the simu-
lations performed. This is due to the relatively high values of
the wall heat transfer coefficient obtained from the correla-
tions (section “Transport coefficients”).
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Figure 3. Transient evolution of thermal front position,
conversions, and hydrogen separation factor.

Temporal evolution of the dimensionless front position
(ztg/L) of methane conversions in the Ox and SR compart-
ments (£, £5%) and of hydrogen separation factor (Y) are
shown in Figure 3 (for the case presented in Figure 1b); f Ox,
fS® and Y gradually increase as the front propagates
upstream and eventually reach their steady value, after the
front has settled down. The thermal front position (zrg) is
defined by the location of its inflection point (i.e.,
0°T/0z* = 0). The hydrogen separation factor is defined as
a ratio of moles of H, separated to moles of CH, fed to
the SR compartment, normalized by the ideal value (Yiax),
which is only limited by the transmembrane pressure
gradient:

o pM
y = tout oy S 18
Ymax4FrSnl:§ b max ( P[SR> ( )

Transient thermal front position and respective propagation
velocities are shown in Figures 4a, b. Increasing SV°* leads
to increasing propagation velocities with a nearly linear rela-
tionship (Figure 4b). Front velocity (vrg = Oz1g/0t) is calcu-
lated over a time interval after a fully developed front is
formed until a steady state is established or until the front
disappears. No ignition was obtained for SVO* > 4300 h™!
(with initially Ti,, = 650 K) and a stationary thermal front
was immediately formed for SV = 3650 h™ . Note, that
while changing SVO* for a constant value of SV3®, we also
change the cross-sections of the SR and Ox compartments to
keep R* constant (Egs. 14, 16).

Such linear dependence of vrg on SV with a singular
value of stationary thermal front (rather than a domain) has
been observed for all the simulations performed and it is
characteristic for thermal fronts in a fixed bed with a single
simple-kinetics reaction. The simulations have also shown
that the SR compartment space velocity (SVS®) has a similar
effect on vrg (Figure 4c). The linear dependence of vrg on
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Figure 4. (a) Transient thermal front position for various
space velocities in the oxidation compart-
ment; (b) thermal front velocities corre-
sponded to Figure 4a; thermal front veloc-
ities for various space velocities in the steam
reforming compartment.

[Color figure can be viewed in the online issue, which is
available at www.interscience. wiley.com.]
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Figure 5. Steady thermal front position, methane con-
versions, and hydrogen separation factor for
various space velocities in the oxidation
compartment.

the space velocity has been obtained for the fixed reactor ge-
ometry as well. These results are in line with the theoretical
considerations discussed later (section “Thermal front veloc-
ity”, Eq. 28).

Since one is interested in increasing throughput, while
avoiding extinction, the stationary front solution is the limit-
ing solution of the reactor, but not the optimal one. The opti-
mal solution is a compromise between low ztg, which will
give good hydrogen yield and a high throughput. Increasing
the space velocity causes thermal fronts to settle down at
larger distances from the reactor inlet, reducing the part of
the reactor involved in hydrogen separation. As a result,
hydrogen separation efficiency decreases leading to lower fsg
and Y, Figure 5, where the steady sate values of zrg, fo",
fSR, and Y are plotted.

Typical steady-state profiles of temperature (T°%, T5%),
conversions (f Ox , f SRy, efficiency (Y), and dimensionless
molar flows of H2 and CO (expressed as F; = FSR/F ) are
presented in Figures 6 and 7. In Figure 6, a limiting station-
ary thermal front case, showing a two zone (cold-hot) reac-
tor, is presented. The front separates a cold zone upstream,
with almost no reaction, from a reactive hot zone down-
stream. Since a constant pressure of 0.1 MPa was set up in
the simulated membrane interior, some H, is observed in the
cold zone (due to back H, transfer from the membrane inte-
rior to the SR compartment). H, is formed in the hot zone
and simultaneously separated by the membrane. The length
of the hot zone is not sufficient to maximally separate hydro-
gen, leading to relatively low values of f SR and Y. For the
front propagating upstream, a nearly isothermal reactor is
obtained in steady state, Figure 7. In this case, most of the
reactor is involved in the reaction/separation processes and
the reactor can be operated more efficiently, yielding higher
f SR and Y. When a thermal front moves downstream, the
front eventually exits the reactor and an extinguished case is
obtained in steady state.
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Figures 6 and 7 show that almost identical temperatures
are obtained in both compartments for most of the reactor;
the difference observed at the thermal front location is due to
the heat transfer limitations. The values of the adiabatic tem-
perature change obtained from the simulations (456 K and
425 K for Figures 6 and 7, respectively) were quite close to
those calculated by Eq. 13 (450 K), and this similarity was
also observed for other sets of parameters (for ignited cases);
note that Eq. 13 assumes complete conversions of both SR
and Ox processes and no CO formation.

CO outlet molar flow rates of FE& ~ 0.08F5% — 0.1F5R
were typically obtained, indicating that the CO extent is
equilibrium-limited. This is dictated by the fact that the
hydrogen separation efficiency is limited by the operating
pressure in the membrane interior. This implies that the
water gas shift (WGS) reaction (Eq. 1b) is not complete and
the CO extent matches that expected by the WGS equilib-
rium at the operating temperature and intermembrane pres-
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Figure 6. Steady profiles for the case of stationary
thermal front.
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Figure 7. Steady profiles formed after the front propa-
gated upstream resulting in a nearly isother-
mal reactor.

sure. Equilibrium analysis gives the following equation,
which allows for calculating CO extent for given methane
conversion (f;) and transmembrane pressure difference (PtSR,
PM) (the derivation is given in Appendix):

(i —H)B =2/ +H)P L, (4639
B2k + L) (PR Py 20X 10 ‘“'Xp< T )
F&S = Fasfife  (19)

Equation 19 predicts well the results of the simulations;
it estimates oy of ~0.07F;R—0.09F5R for T = 900 K—950
K, fSR = 0.95 (typical simulated values), P%vl = 0.6—1 MPa,
PM = 0.1 MPa, and y3} = 0.33 (parameters used in the sim-
ulations). Since in the simulations the hydrogen separation
does not reach equilibrium completely (implying ¥ < 1), the

predicted equilibrium CO extent is slightly lower than the
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simulated values. To eliminate CO, the effluent may be
further oxidized and the obtained energy can be used to
preheat the reactor feed and to evaporate water for the SR
compartment.

Operating window

Among the parameters that may influence the reactor per-
formance, space velocities can be easily manipulated in a
real H, generation unit. Figure 8 describes the acceptable
steady-state domain of operation in the SV°* vs. SV5® plane,
while cross-sections obey Eqs. 14 and 16 to keep constant
R*; reactor length, operating pressure, and the membrane
area-to-SR compartment volume ratio are kept constant. The
operating domain is bounded by reactor geometry limits
(dashed lines in Figure 8), which require each compartment
to be larger than 10 catalyst particles in diameter. The other
boundary marks the limiting conditions of upstream-moving
fronts to induce an ignited reactor in steady state; beyond
that boundary outside the domain marked by arrows fronts
propagate downstream and eventually exit or no ignition
occurs. Obviously, the initial reactor temperature must be
sufficiently high to obtain the ignited state (the reactor initial
temperature of T, = 650 K that allows for ignition for the
given Ox kinetics was used in the simulations).

The isolines in Figure 8 mark the steady-state dimension-
less thermal front position (zrg/L), steady-state methane SR
conversion (fSR) and hydrogen separation factor (Y). A nearly
isothermal reactor, obtained for low space velocities, yields
high /5 and Y; increasing space velocities shifts zrr toward
the reactor exit, resulting in lower /5% and Y, and eventually
will lead to extinction. The extent of the SR reaction and the
efficiency of the hydrogen separation are defined mainly by
the location of the thermal front. The active high temperature
part of the reactor has to be sufficiently long to efficiently
separate hydrogen. If the active part of the reactor is too
short to maximally separate hydrogen, relatively low values
of % and Y are obtained. Note that varying SV® and SV©*
simultaneously, at a constant ratio, while satisfying Eq. 14
(implying fixed cross-sections), simulates the effect of
increasing the system throughput, while maintaining the reac-
tor geometry fixed.

Increasing the membrane area (ocVM) reduces the size of
operating window (Figure 9a). Enlarging the membrane area
leads to more efficient hydrogen separation and, conse-
quently, higher methane SR conversions. As a result, more
heat is consumed leading to lower reactor temperatures,
hence higher propagating downstream thermal front veloc-
ities (as it is described analytically in section “Thermal front
velocity”, Eq. 28). This should be compensated with lower
space velocities, which in turn reduces the operating
window.

In a real membrane reactor unit for hydrogen production,
one is interested in maximizing hydrogen production. This
requires operating at high space velocities in the SR reactor
compartment, while keeping high Y. To achieve that, the
reactor should be operated along the lower boundary of the
operating window (geometry limit of dtSR = 10d,,). This gives
the highest SVS® for a given SV°*, while keeping suffi-
ciently high Y (Figure 8). In Figure 9b, output hydrogen pro-
duction rate (Qu,/(STP)/min) and Y are plotted vs. SV5®
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along the lower boundary of Figure 9a (SVO* = 4.86 SVSR,
which implies constant cross-sections). Qy, passes through a
maximum and declines with increasing SVR. Even though
low membrane area allows to operate at higher SVSR Jess
hydrogen is still obtained: lower Qy, and Y are obtained for
ag’[ = 10 m~ ! than for acy[ = 50 m" ! over the whole range
of SVSR. One can conclude that the optimization between
higher hydrogen output and higher membrane surface area
should be based on economic considerations.

Similar optimization considerations are applied when the
working pressure in the SR compartment (PSR) are changed.
For low (high) SVSR, increasing PtSR leads to narrower
(broader) operating window (Figure 10a). For low SV°X, the
PSR effect is similar to that of the membrane area (Figure
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Figure 9. (a) Effect of membrane area on the operating
domain boundaries; (b) hydrogen separation
factor and outlet volumetric flow rate along
the lower boundary of (a); for avmM = 10 m™!
(black line) and avM = 50 m~" (gray line).

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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[Color figure can be viewed in the online issue, which is
available at www.interscience. wiley.com.]

9a). Increasing PtSR improves hydrogen separation leading to
higher £5®, more heat consumption, lower reactor tempera-
tures, and thermal fronts that tend to propagate downstream
(section “Thermal front velocity”, Eq. 28). This leads to
extinction at lower space velocities, thus diminishing the
operating window.

As SVSR ig increased, the effect of P[SR on the SR kinetics
becomes dominant as it suppresses conversion and hydrogen
generation. For high SVSR | the kinetic effect of P[SR over-
comes its separation effect, leading to higher reactor temper-
atures. Consequently, thermal fronts tend to propagate
upstream (section “Thermal front velocity”, Eq. 28), leading
to extinction at higher space velocities, thus increasing the
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operating window. Plot of Qy, and Y vs. SVSR (Figure 10b),
along the lower restriction boundary (SVO* = 4.86 SV5%)
shows that the hydrogen output can be significantly improved
by raising PSR: Increasing PSR leads to higher Oy, and Y for
low SV®® (due to the separation effect) and allows operating
at higher SVSR (due to the kinetic effect).

Extending the reactor length (L) increases the operating
window (Figure 11a) up to a limit beyond which the operat-
ing window boundaries stay unchanged (L = 0.4 m for a
given set of parameters). Note that the reactor diameter of d;
= 0.05 m is kept constant in Figure 11. Since the space ve-
locity definition is SVk = v’é/L, the results are presented in
the gas velocity domain v®* vs. v*® rather than in the SV°*
vs. SVSR plane. Increasing the reactor length above the limit-
ing value does not influence the thermal front dynamics:
Thermal fronts settle down at the same distance from the
entrance and the same temperature profiles are obtained,
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independently on L. On the other hand, the hydrogen output
(On, and Y) is still slightly improved (Figure 11b, calculated
along the lower operation window boundary). This effect is
clearly attributed to the better hydrogen separation since
more membrane is involved.

In designing a PBMR for hydrogen production, one is
interested in maximizing the reactor throughput, while keep-
ing the reactor conversions high. In terms of the operating
window described earlier, it means that gas space velocities
should be adjusted to keep the thermal front inside the reac-
tor. In the following section, we show how the limiting gas
velocities can be analytically estimated.

Once the limiting conditions were found, one should choose
appropriate gas velocities inside the operating window, as well
as the membrane area, operating pressure, and the reactor
length (the cross-sections may be adjusted using Eq. 16). The
trade-off between high throughput and high conversions will
define the choice of the operating parameters. The highest
conversions are attained when low gas velocities, which result
in upstream-propagating fronts (ignited steady state) and high
residence time (effective hydrogen separation, i.e., high Y), are
used. The highest throughput is achieved along the lower
boundary of the operating window.

As it was shown earlier, high-steam reforming operating
pressures are preferable, while the membrane area should be
selected considering the desired hydrogen output and the
membrane cost. Also, the reactor length should be sufficient
for initial ignition, reaction, and hydrogen separation. It
should be kept in mind that changing parameters like mem-
brane area, operating pressure, and reactor length may also
significantly change the operating window boundaries (Fig-
ures 9-11).

Thermal front velocity

The operating domain was shown to be bounded by sta-
tionary fronts. Finding an expression for that boundary is the
subject of this section. The approximate analytical expression
is developed following an approach derived for a constant-
pattern front moving in the fixed bed in which a single exo-
thermic reaction is catalyzed.’”>®

To obtain an analytical approximation, first we assume
that the SR process can be described by the overall reaction,
implying negligible formation of CO:

CHy4 + 2H,0 = CO; + 4H, AHy = 165 kJ/mol (Ic)

Consequently, we account for two reactions (SR and Ox)
that simultaneously occur in two indirectly coupled reactor
compartments, as it is shown in Figure 1. It is also assumed
that the SR rate is dictated by the rate of the Ox reaction and
the SR reaction is fast enough to immediately reach equilib-
rium everywhere in the reactor. With the earlier assumptions,
we have the following system of three differential equations
(also neglecting axial mass dispersion):

oT* oT* PTF
k k
(pCP)effW = —S(Pcp)gvga— the 5o

Z
+ ps(1 — &) (=AH )Ry — ', UyAT*, k= 0x,SR  (20)
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OxaLgx = —¢( V)OX@ _
Pe " — WV Ty,

We assume further that the heat transfer between the reac-
tor compartments is fast enough, so that the temperature on
both sides is identical. This assumption is supported by the
simulations that showed identical temperature profiles in the
SR and Ox compartments (except for a narrow region at the
front maximal temperature, Figures 6 and 7). Now, the en-
thalpy balances given by Eq. 20 can be combined and the
following equation with the averaged parameters is obtained:

g p(1—e)Rox (1)

p0T_ o (alp) T A2
ot 0z eCpy 022 ASR 4+ AOX

ASR OxR _AH,
x(lo.zl es P SR)( OX)psROX (22)

AgsxpgRROx ngcps
The average property (p) is defined as follows:
p=p>(1 = o) +pa (23)

Ox
o= Acs
T ASR Ox’
Acs +Acs

Le = (Pcp)eff/(gpcp)g

ﬁELe,vg,kae/pg,

Note that the terms +SSRU,(T°* —TSR) in Eq. 20,
accounting for inter-compartment heat transfer, cancel upon
adding and (—AHsg)/(—AHox) = —0.21. Also we set ¢ =
0.5, thus (1 —¢)/e=1, and it is assumed that
CO¥ = Co% = Cpg. Since the SR and Ox compartments are
operated at different pressures, the difference in molar gas
densities is accounted for (via k,e/pg).

Finally, for a first-order oxidation reaction, the following
two differential equations are obtained with corresponding
initial and boundary (Danckwert’s) conditions:

_8T _ _6T (kae/pg) aZT O‘(_E) *  Ox

e = Tt G, 02T g, (o @Y
8}’3)( ayr?lx x Ox
or —PVe ? - kOxym 25)
_ (kae/Pg) OT o _ o
z=—L/2: v (T;—T) = T, 02 Ym = Vmt  (262)
ar

z=LJ2: 5, =0 (26b)
t=0:  T(0,z) =Ti, y2¥(0,2)=0 27)

. . Eo R
ox :AOXeXp(_R ;), P=i+r)
g
0.215(1—0()) 5  PRsr
’ pgRROx

(“AH) = (~AHoy) (1 -

o

vg" in the mass balance is expressed in terms of v, using
Eqgs. 14 and 23. The single compartment Ox model is recov-
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ered when ASR — 0 (¢ — 1, (~AH) — (—=AHoy), R* — oo,
B — 1, and p — p®*). We also assume that the ratio of the
SR and Ox rates is constant everywhere in the reactor,
implying 6 = const. The constant Rsg/Rox ratio should hold
an average as Rggr is dictated by the rate of Ox due to the
fast heat transfer between the reactor compartments.

Derivation of the front velocity approximation by solving
Eqgs. 24 and 25 is outlined in the Appendix. It yields two
equations with respect to two unknown variables o (dimen-
sionless front velocity) and 0., (dimensionless maximal
temperature). Combining Eqgs. A1l and Al18 and rewriting it
in dimensional form yields an equation that expresses the
thermal front velocity (v') as a function of the average gas
velocity and maximal temperature (7,):

L (Ve )
vir = = (Vg — VR0),
TF = 7= (Vg = VTF0

TVoAT  [AS, (kae/py) /T (28)
v = €X i—
o (T — Tp)V/Tx eCpgy P T
A I7),,0x
ar_ (CBH% _Eo
Cpg Rng

It was assumed that complete methane conversion is
achieved in the Ox compartment, i.e., x,, = 1 and that the
gas velocity is constant along the reactor, i.e., ¥, = Vyf and
v=1.

Equation 28 predicts a linear dependence of v'* on v, for
constant T, which is in line with the simulations results (see
section “Typical results”); the reactor temperature was kept
nearly constant due to the thermodynamic constrain estab-
lished in Eq. 15. Increasing Tj, should lead to lower v'* (Eq.
28), i.e., thermal fronts will tend to propagate upstream, in
agreement with the simulation results (section “Operating
window”). The influence of the endothermic reaction and the
reactor geometry are accounted for via —AH and o.

To estimate the operating domain boundary, we combine
Egs. All and Al1S8, while w = 0, i.e., a stationary thermal
front is obtained. Thus, the steady-state operation domain
boundary (ODB) is approximated by

T A% (k T,
(@)ODB — m\/&_ OX‘( ale/pg)exp (— g) (29)
j.\/ TfAT &Cpgy Tm
_ _ R*
T =T; + AT, I=——-—
m £+ , A (1 —I—R*)
(Vg)oDB denotes the averaged feed velocity that will result in
a stationary thermal front. For high R*, 4 — 1, and

Twm — Tt + AT, therefore increasing the oxidation-to-reform-
ing feed ratio above R* = 5 will not affect significantly
(7,)°P2. On the other hand, better (higher Aé*jx) and less acti-
vated (lower y) catalyst will increase (Vg)OD .

In our case, the term 0.216(1—a)/x in —AH may be
neglected, i.e., (—E) — (—AHoqy), since it is much lower
than 1. This follows from the analysis of the characteristic
values: o varies between 1 and 10, but Rgg is much lower
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Figure 12. Operation domain boundaries obtained by
the simulations (solid line) and calculated
by Egs. 30-31 (circles).

than Ro, and pg*/p3® = 0.1 (SR compartment is operated at
relatively high pressures). Negligible 0.216(1 — a)/o implies
that the thermal front dynamics is independent on the SR
kinetics. In terms of the original operating conditions (vgX
Vs. V;R), the ODB line is expressed using Eqgs. 14 and 23 as

follows:

%

a(14+R¥)

(VOX )ODB _ ﬁ(E)ODB

5 (7) 7"

(30)

e T o S

Note that once R* is fixed then o is the only parameter
that affects (Vg)ODB and the two boundaries can be computed
using o as a parameter. Figure 12 compares the results of the
simulations with the developed analytical approximation
(Egs. 29-31), using the same parameters. The pre-exponent
factor for a first-order kinetics (A, s~ ) is the value used in
the simulations (Apxmol/(MPa” skg)), expressing it in
appropriate  units, i.e., A5 sl =Aoy- (ps/Py) - <y8’2‘f>7
<y8’2‘f) = y8;‘f /2. Tt can be seen that the analytical approxima-
tion estimates well the boundaries of the operation domain.
Once the ODB has been determined, the reactor length and
the membrane area, which will yield high conversion and ef-
ficient hydrogen separation, should be selected.

Conclusions

Hydrogen production in an autothermal membrane re-
former coupling methane steam reforming with methane oxi-
dation by indirect heat transfer and with hydrogen membrane
separation has been analyzed numerically and analytically.
Using thermodynamic and design considerations the problem
was characterized by five key parameters: gas space veloc-
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ities (in the steam reforming and oxidation compartments),
the operating pressure in the SR compartment, the membrane
area, and the reactor length. The influence of the key param-
eters on the operating domain boundaries has been studied
by the simulations, aiming at finding the optimal sets of
operating parameters.

Slow-moving thermal fronts were found to occur in the
simulated reactor and the acceptable domain of steady-state
operation was bounded by stationary fronts, separating
domains of upstream and downstream-moving fronts. This
domain has been mapped by the simulations. The operating
domain boundary was approximated well by an analytical
expression derived for that purpose.

We describe now the impact of the key parameters:
Increasing throughput in the steam reforming compartment is
accompanied by increasing flow rate in the oxidation com-
partment, to keep the reactor temperature around 900 K in
order to achieve high conversions of the steam reforming
reaction. Low-steam reforming conversions are obtained at
lower temperatures, whereas higher temperatures may dam-
age the membrane and cause catalyst deactivation. Gas space
velocities should be kept below the operating domain bound-
ary to keep the thermal front inside the reactor. The steam
reforming operating pressures should be high enough to
expedite hydrogen separation. Also, the membrane area and
the reactor length should be sufficient for separation and
reaction.

We suggest the following preliminary design procedure:
(i) R* (Eq. 15) should be chosen initially to achieve the
desired maximal temperature; (ii) o (Eq. 23) is then chosen
to obtain the operating boundary (Eqs. 30, 31); it also deter-
mines the ratio of cross-sections; (iii) the reactor length (cat-
alyst weight) is determined now by the desired throughput;
(iv) finally, the SR operating pressure and the membrane
area are determined to provide sufficient hydrogen transfer
area.

In future work, beside testing the indirect coupling concept
experimentally, we will consider more efficient integration of
the streams, like diverting the steam reforming effluent into
the oxidation compartment to burn the residuals CO and H,
and to use the resulting enthalpy. We will also examine the
direct coupling approach.
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Notation

a, = surface-to-volume ratio, m!
A; = pre-exponential of the rate coefficient of a reaction, S8
A_; =reactor compartment cross-sectional area, m>
Ay, = Pd membrane permeability, mol/(m* s MPa"%)
B; = pre-exponential of the adsorption coefficient of a specie 153
Bi, = solid-phase effective Biot number,>>>
C)e = gas heat capacity, kJ/(mol K)
C,s = gas heat capacity, kJ/(kg K)
d" =reactor wall thickness, m
d,, = catalyst particle diameter, m
d, = tube diameter, m
Da = Damkohler number
D, = effective axial mass dispersion, mz/s54
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D,, = gas molecular diffusivity, m%/s
D,, = effective radial mass dispersion, mz/s
E,=Pd membrane activation energy, kJ/mol
E; = activation energy for a reaction, j kJ/mol®!
f= conversion
F =molar flow rate, mol/s
h,,. = effective wall heat transfer coefficient kJ/(m s K)
H = enthalpy, kJ/mol®'=>?
k; = the rate coefficient of a reaction, j
K; = the adsorption coefficient of a specie, i
kq. = effective axial thermal conductivity, kJ/(m s K)
k.5 = solid-phase effective axial thermal conductivity, kJ/(m s K)
ko = gas thermal conductivity, kJ/(m s K)
k,. = effective radial thermal conductivity, kJ/(m s K)>3¢
ks = solid-phase effective radial thermal conductivity, kJ/(m s K)
kY = wall thermal conductivity, kJ/(m s K)
L = reactor length, m
Le = Lewis number
Nu,,, = wall Nusselt number
p; = partial pressure of a specie, i MPa
P, = total pressure, MPa
Pe,s= fluid-phase axial Peclet number>*®
Pr = Prandtl number(Cpgpto/ks)
Q = volumetric flow rate, 1(STP)/min
r =radius, m
R; = the rate of a reaction, j mol/(s k%)
R, =ideal gas constant, 8.314 X 10"~
Re = Reynolds number, (pgvodp/itg)
S = reactor compartment surface, m
SV = gas space velocity, h™'
t=time, s
T = temperature, K
U,, = overall effective wall heat transfer coefficient, kJ/(m s K)
v, = gas velocity, m/s
vrr = thermal front velocity, m/s
V = reactor compartment volume, m’
y; = molar fraction of a specie, i
Y = hydrogen separation factor
z =reactor length coordinate, m
zg = thermal front position, m
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kJ/(mol K)

55,56

Subscripts
f=feed
g = gas

int = initial
m = methane

s = solid
= total
Abbreviations

Ox = oxidation compartment
SR = steam reforming compartment
M = membrane compartment

Greek letters

o;; = the stoichiometric coefficient of a specie / in a reaction j
&= void fraction

¢; = the extent of a specie i

U, = gas viscosity, N s m?

p, = gas density, mol/m?

p, = solid density, kg/m’
T = tortousity
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Appendix
CO equilibrium conversion derivation

Accounting for both SR and WGS (with the corresponding
conversions fi and f), the overall SR process in equilibrium
is described as follows:

CHj; +2H,0 = CO, +4H, (SR)
CO, +H, = CO+H,0 (WGS)

Then, define the extent of a specie i (¢);) as

CHy:  ¢cn, = (1 —11) COx: o, = (fi —12)

H0: ¢dy,0 = (2-2fi +2) CO: o = (f2)

To express the H, extent, while accounting for H, separa-
tion, we assume the conditions of the reactor exit in a long
reactor, where the H, partial pressure in the SR side is equal
to that at the membrane side, i.e.,

u _ PV i = CH,, H,0, CO,,CO, H
Z(z)iiP[SR’ L= 2, 112, 29 s 112
(3—=2f +f)PM
Py, = o (A1)

(PE=PY)

The WGS equilibrium constant is

4
Kwas = LC2PM _ 1 26 % 10 2 exp (ﬂ) (A2)
PCOPH,0 T

The partial pressure of specie i is expressed as p; = ¢;/
5

Writing the equilibrium constant in terms of ¢, the fol-
lowing equation, which allows for calculating f, for given f,
PlSR and PfR, is obtained:

639

L2 =2f +H)(PR - P!
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Then, the equilibrium outlet CO molar flow rate is given
by

Feo = Fuififa (A4)

Front velocity approximation derivation

In the dimensionless form Eqs. 24 and 25 are rewritten as
follows:

0; +v0: — 0ze = BW (AS)
ox; + foxe =W (A6)

The following notation is used:

N T Ox o>
i Tr)7 , = For. Sy T
Tf Rng ymf ng
t 1 —AH)Y%%
62_7 T=—, 0 ==, Bia( )ymfia
Ly to Le Cpg T
W=(l-xk, k=24 0
=(1—-x = —exp|—+—
’ Per P17 0/y)’
L 2ChoVorL
Da= Ay exp(—y), Per = L,
Vef (kae//’g)

The length is scaled by the thermal front width:

L
Ly=—
0 P er
The time is scaled by the time required to the front to pass
the distance equaled to its width (vrr & Vgr/Le):

_Lo _

Le L
to = —

VTF PeT V_gf

At this point we employ an assumption of an ideal heat front
that propagates with a constant velocity vrg. This assumption
is valid if the front width is significantly less then the system
length, i.e., Per is much higher than 1. The values of Per
used in the simulations were in the range of ~10—100. In a
moving frame coordinate system, the ideal front will satisfy
the following equations:

9@ — (v — w)ec = —BW (A7)
(B — ow)x; =W (A8)
v _ VTFE

ng—(})f, W =—=
ng
{——00:0;—0—=0, x—=0; (— +o0:0;—0 (A9)

Combining Eqs. A7 and A8 and integrating by { from
—oo0 yields:
0; = (v—w)0 — B(fv—ow)x + C (A10)

Analysis of boundary conditions at { — oo shows that
C = 0. Applying Eq. A10 at { - +o0 or at the front
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position, where 0y = 0, 0 = Opnax, ¥ = Xmax, the following
relation is obtained:

(Br—ow)

HmX:Bi max
a; (U*U))xa

(A11)

Equation A10 can be rewritten by introducing a new variable
u = 0/0,. and using Eq. All, reducing the problem to

x
ur = -~ (Po—0®)Xmax <u - Xmax) (A12)
o (I —x)K
= (fr—ow) (A13)

By dividing Eq. A13 by Eq. A12 the following equation is
obtained:

@ B (1 — X)K Opax

du meax(ﬁvfa(u)z(u — X/Xmax)

(Al4)

Assuming x,.x = 1, i.e., a complete methane conversion
in the Ox reaction (which is supported by the simulations),
we obtain:

1

dx Omax K 1—x
an =p(u)g(u,x), pu)= W? g(u,x) = "—x
(A15)

Note that g(u, x) possesses a singularity if x — 1, while u —
1, however the limits of g(u, x) are finite.
Integrating Eq. A15 from 0O to 1 yields:
1

1= [ plu)glu e

0

(A16)

For a narrow reaction zone, the main impact into the integral
is in the vicinity of the front, where u — 1 and, therefore,
g(u, x) — 1. Then, the integral reduces to:

1

1
GmaXDa / < maxu )
= u ex du
0/p( Jau BPeT (Bv—ow) 2 Plr+ Omaxt/ 7

0
(A7)

The integral in Eq. A17 is estimated using the narrow reaction
zone assumption by expanding the integrant in the vicinity of
u = 1 (Taylor series, ignoring higher than first-order terms):

1
/ exp ( maxu ) / exp gmax +
) 1+ Omaxut/7 ) 1+ Omax /7

B Omax ) (1+ Onan /7)’
- eXp(l ¥ emax/v> O

Note that the second term in the square brackets is
neglected in comparison with 1. Finally, Eq. A17 is reduced
to the following algebraic equation:

Da(l + O /7)° ( Omax )
7 eXp =1
BPer(fo—ow) 1+ Omax /7

(A18)

1 —ex
ep((

Omax(u — 1) du
(1+ QmaX/V)z

—Oman ( Omax ) (1+ Omax/7)°
T ~ exXp
1 + Gmax/y) 1 + Qmax/"/ emax

Equations All and Al8 forms a closed system with
respect to two unknown variables o (front velocity) and 0.«
(maximal temperature).
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